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Abstract
Erdo¨s and Nicolas [1] introduced an arithmetical function F (n) related to divisors
of n in short intervals
]
t
2 , t
]
. The aim of this note is to prove that F (n) is the largest co-
efficient of polynomial Pn(q) introduced by Kassel and Reutenauer [2]. We deduce that
Pn(q) has a coefficient larger than 1 if and only if 2n is the perimeter of a Pythagorean
triangle. We improve a result due to Vatne [6] concerning the coefficients of Pn(q).
1 Introduction
Erdo¨s and Nicolas introduced in [1] the function
F (n) = max{qt(n) : t ∈ R∗+}, (1)
where qt(n) = #
{
d : d|n and 1
2
t < d ≤ t}, and they proved that
lim
x→+∞
1
x
∑
n≤x
F (n) = +∞. (2)
Kassel and Reutenauer introduced in [2] a q-analog of the sum of divisors, denoted Pn(q),
by means of the generating function
∏
m≥1
(1− tm)2
(1− q tm) (1− q−1 tm) = 1 +
(
q + q−1 − 2) ∞∑
n=1
Pn(q)
qn−1
tn (3)
and they proved that, for q = exp
(
2pi
k
√−1), with k ∈ {2, 3, 4, 6}, this infinite product can be
expressed by means of the Dedekind η-function (see [4]). A consequence of this coincidence
is that the corresponding arithmetic functions n 7→ Pn(q), for each of the above-mentioned
1
values of q, are related to the number of ways to express a given integer by means of a
quadratic form (see [2] and [3]).
The aim of this paper is to prove the following theorem.
Theorem 1. For each integer n ≥ 1, the largest coefficient of Pn(q) is F (n).
Using this result, we will derive that Pn(q) has a coefficient larger than 1 if and only if
2n is the perimeter of a Pythagorean triangle. Also, we will prove that each nonnegative
integer m is the coefficient of Pn(q) for infinitely many positive integers n.
2 Proof of the main result
In order to simplify the notation in the proofs, we will consider two functions1 f : R −→ R∗+
and g : R∗+ −→ R, defined by
f(x) =
1
2
(
x+
√
8n+ x2
)
, (4)
g(y) = y − 2n
y
. (5)
Lemma 2. The functions f(x) and g(y) are well-defined, strictly increasing and mutually
inverse. Furthermore, g(y) satisfies the identity
g (y) = −g
(
2n
y
)
. (6)
Proof. It follows in a straightforward way from the explicit expressions (4) and (5) that f(x)
and g(y) are well-defined and strictly increasing. In particular, the inequality |x| < √2n+ x2
guarantees that f(x) ∈ R∗+ for all x ∈ R.
On the one hand, for all x ∈ R, we have
g (f(x)) =
(
f(x)− x−√2n+ x2) (f(x)− x+√2n+ x2)
2 f(x)
+ x = x.
On the other hand, for all y ∈ R∗+, we have
f (g(y)) =
y
2
− n
y
+
√(
y
2
+
n
y
)2
=
y
2
− n
y
+
y
2
+
n
y
= y,
where we used the inequality y
2
+ n
y
> 0, provided that y > 0, for the elimination of the
square root.
Hence, f(x) and g(y) are mutually inverses. Furthermore, using the identity
−g
(
2
n
y
)
= −
(
2 n
y
2
− n
2 n
y
)
= −
(
n
y
− y
2
)
=
y
2
− n
y
= g(y),
we conclude that (6) holds for all y ∈ R∗+.
1The function g(y) was implicitly used in Proposition 2.2. in [4].
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Lemma 3. For each integer n ≥ 1,
Pn(q)
qn−1
=
∑
i∈Z
an,iq
i, (7)
where
an,i = #
{
d : d|n and 1
2
g (d) ≤ i < 1
2
g (2 d)
}
. (8)
Proof. By Theorem 1.2 in [3],
Pn(q) = an,0 q
n−1 +
n−1∑
i=1
an,i
(
qn−1+i + qn−1−i
)
, (9)
where
an,i = #
{
d : d|n and f(2 i)
2
< d ≤ f (2 i)
}
. (10)
The condition f(2 i)
2
< d ≤ f(2 i) is equivalent to d ≤ f(2 i) < 2 d. So, since g(y) is strictly
increasing by Lemma 2, the expression (8) follows for all 0 ≤ i ≤ n− 1.
We will extend an,i to any i ∈ Z using the expression (8) as the definition of an,i for i < 0.
Applying the identity (6) to (8),
an,i = #
{
d : d|n and 1
2
g (d) < −i ≤ 1
2
g (2 d)
}
. (11)
Substituting i by −i in (8),
an,−i = #
{
d : d|n and 1
2
g (d) ≤ −i < 1
2
g (2 d)
}
. (12)
Now, we will prove that
#
{
d : d|n and 1
2
g (d) < −i ≤ 1
2
g (2 d)
}
(13)
= #
{
d : d|n and 1
2
g (d) ≤ −i < 1
2
g (2 d)
}
.
Suppose that
1
2
g (d) = −i, (14)
for some d|n. Transforming (14) into d = 2 (n
d
− i), it follows that d is even. So, −i =
1
2
g (2 d′), where d′ = d
2
is a divisor of n.
Conversely, suppose that
− i = 1
2
g (2 d) , (15)
3
for some d|n. Transforming (15) into n
d
= 2 (d+ i), it follows that n
d
is even. Furthermore,
2 d divides n, because 2 d
n
d
2
= n and
n
d
2
∈ Z. So, 1
2
g (d′) = −i, where d′ = 2 d is a divisor of
n. Hence, (14) holds.
Combining (14), (11) and (12), we obtain that
an,i = an,−i (16)
holds for all 0 ≤ i ≤ n− 1.
Furthermore, the bound −(2n− 1) ≤ g(y) ≤ 2n− 1 for all 1 ≤ y ≤ 2n and the equality
(8) imply that
an,i = 0 (17)
for all i ∈ Z such that |i| ≥ n.
Using that (16) holds for all 0 ≤ i ≤ n− 1 and that (17) holds for all i ∈ Z, with |i| ≥ n,
we conclude that the expression (9) can be transformed into (7), where an,i is given by (8)
for all i ∈ Z.
Lemma 4. Let y1 and y2 be two divisors of 2n. If y1 < y2 then
g(y1) + 2 ≤ g(y2). (18)
Proof. Using the expression (5) we obtain that, for any real number y > 0,
g(y + 1)− g(y) > 1, (19)
because g(y + 1)− g(y) = 1 + 2n
y (y+1)
.
Let y1 and y2 be two positive real numbers satisfying y2 − y1 ≥ 1. By Lemma 2, the
function g(y) is strictly increasing. So, (19) implies that
g(y2)− g(y1) > 1. (20)
Furthermore, suppose that y1 and y2 are divisors of 2n. It follows that g(y2) − g(y1) is
an integer, because of (5). In this case, the inequality (20) becomes
g(y2)− g(y1) ≥ 2. (21)
Therefore, (18) holds.
Now, we can prove our main result.
Proof of Theorem 1. By Lemma 3, the coefficient an,i is defined for all i ∈ Z by the expression
(8).
First, we will prove that the largest coefficient of Pn(q) is at most F (n). Take some j ∈ Z
satisfying an,j = max{an,i : i ∈ Z}. By (8), there are h = an,j divisors of n, denoted
d1, d2, ..., dh satisfying
g (d1) < g (d2) < ... < g (dh) ≤ 2 j < g (2 d1) < g (2 d2) < ... < g (2 dh) . (22)
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In particular,
g (d1) < g (d2) < ... < g (dh) < g (2 d1) < g (2 d2) < ... < g (2 dh) . (23)
Applying f(x) to the inequalities (23) we obtain
d1 < d2 < ... < dh < 2 d1 < 2 d2 < ... < 2 dh, (24)
because f(x) and g(y) are mutually inverses in virtue of Lemma 2. So, we guarantee that
1
2
t < d1 < d2 < ... < dh ≤ t, (25)
where t = 2 d1 − ε for all ε > 0 small enough. Hence, an,j ≤ F (n), because of (1).
Now, we will prove that there is at least one coefficient of Pn(q) which reaches the value
F (n). Setting h = F (n) and applying (1), it follows that there are h divisors of n satisfying
(25) for some t ∈ R∗+. The inequalities (24) follow. Applying g(y) to (24) we obtain (23).
Setting
j :=
⌈
g (dh)
2
⌉
, (26)
we have the inequalities
g(dh) ≤ 2j, (27)
2j ≤ g(dh) + 1, (28)
g(dh) + 1 < g(dh) + 2, (29)
g(dh) + 2 ≤ g(2 d1). (30)
The inequality (27) follows from (26). The inequality 2 j < g (dh) + 2 follows from (26)
and the stronger inequality (28) is obtained using the fact g (dh) ∈ Z, derived from (5). The
inequality (29) is trivial. Finally, the inequality (30) follows by Lemma 4, because dh and
2 d1 are divisors of 2n satisfying dh < 2 d1.
Combining (27), (28), (29) and (30) we obtain that
g(dh) ≤ 2j < g(2 d1). (31)
The inequalities (22) holds, because of (31) and (23). Hence, an,j = F (n). Therefore, the
largest coefficient of Pn(q) is F (n).
Corollary 5. The largest coefficient of Pn(q) is the largest value of h for which (24) holds.
Example 6. The polynomial P12(q) was computed in [2],
P12(q) = q
22 + q21 + q20 + q19 + q18 + q17 + q16 + q15 + q14 + 2q13
+2q12 + 2q11 + 2q10 + 2q9 + q8 + q7 + q6 + q5 + q4 + q3 + q2 + q + 1.
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Let us compute j such that a12,j = a12,−j are equal to the largest coefficient of P12(q).
d 1 2 3 4 6 12
g(d) −23 −10 −5 −2 2 10
g(2 d) −10 −2 2 5 10 23
The equality F (12) = 2 implies the existence of 2 divisors of 12, for example d1 = 2 and
d2 = 3, satisfying (24). In our case,
2 < 3 < 2 · 2 < 2 · 3.
Applying g(y) to the above inequalities, we obtain a particular case of (23),
−10 < −5 < −2 < 2.
So, taking 2 j = g(3) + 1 = −5 + 1 = −4, we obtain a12,−2 = a12,2 = 2, which are the
coefficients of q9 and q13.
3 Some consequences of the main result
Kassel and Reutenauer observed in [2] that Pn(q) has a coefficient larger than 1 provided that
n is a perfect number or an abundant number. The corresponding necessary and sufficient
condition is given in the following result.
Corollary 7. The polynomial Pn(q) has a coefficient larger than 1 if and only if 2n is the
perimeter of a Pythagorean triangle.
Proof. From the explicit formula for Pythagorean triples (see [5]), it follows in a straightfor-
ward way that 2n is the perimeter of a Pythagorean triangle if and only if n has a pair of
divisors d and d′ satisfying the inequality d < d′ < 2 d. So, the result follows from Corollary
5.
Vatne proved in [6] that the set of coefficients of Pn(q) is unbounded. The following result
is a stronger version of this property.
Corollary 8. Let an,i be the coefficients of Pn(q) as shown in (7) and (8). For any integer
m ≥ 0, the equality an,i = m holds for infinitely many (n, i) ∈ Z2, with n ≥ 1.
In the proof of Corollary 8 we will use the following auxiliary result.
Lemma 9. Let h ≥ 1 be an integer. If h is a coefficient of the polynomial Pn(q), then h− 1
is also a coefficient of the same polynomial.
Proof. Consider two fixed integers n ≥ 1 and h ≥ 1. Let j be the largest integer such that
an,j ≥ h, where an,j is given by (8). The inequalities (22) hold for h divisors of n, denoted
d1, d2, ..., dh. Setting
i :=
⌈
g (2 d1)
2
⌉
, (32)
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we have the inequalities
g (dh) < g (2 d1) , (33)
g (2 d1) ≤ 2 i, (34)
2 i ≤ g (2 d1) + 1, (35)
g(2 d1) + 1 < g(2 d1) + 2, (36)
g(2 d1) + 2 ≤ g(2 d2). (37)
The inequality (33) follows by (22). The inequality (34) follows from (32). The inequality
2 i < g (2 d1) + 2 follows from (32) and the stronger inequality (35) is obtained using the
fact g (2 d1) ∈ Z, derived from (5). The inequality (36) is trivial. Finally, the inequality (37)
follows by Lemma 4, because 2 d1 < 2 d2 and both are divisors of 2n.
Combining (33), (34), (35), (36) and (37) we obtain that
g(dh) ≤ 2i < g(2 d2). (38)
Combining (38) with (24), it follows that
d2 < d3 < ... < dh ≤ 2 i < 2 d2 < 2 d3 < ... < 2 dh. (39)
Notice that (22) and (34) imply
j < i. (40)
In virtue of the expression (8), the inequalities (39) imply that
an,i ≥ h− 1. (41)
The inequalities (40) and (41) imply that an,i = h − 1, because j is the largest integer
satisfying an,j ≥ h.
Proof of Corollary 8. Using (2), it follows that the range of F (n) is unbounded. By Theorem
1, the set of coefficients of Pn(q), for all n ≥ 1, is unbounded.
Take an integer m ≥ 0. Consider a polynomial Pn(q) whose largest coefficient is h > m.
Applying Lemma 9 several times, we will obtain that m is a coefficient of Pn(q). As there
are infinitely many values of n such that Pn(q) has a coefficient larger than m, the equality
an,i = m holds for infinitely many (n, i) ∈ Z2, with n ≥ 1.
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